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MmoBipHicTb:
icTopn4dHa pgosigka Ta 6a3osi hopmynn

3 [BaBHIX AaBEH JIOAM rpafun B a3apTHi irpu, Hanpuknag, B KocTi. [patoyn cami yn
cnocTepiratoyy sik rpa€ iHWa AAMHA, 04N HaMaraancs BU3HAYUTK sIKiCb
3aKOHOMIPHOCTI rpu, 3HaliTy “BurpawHy kombiHauito” 4u “BurpawHy crpaTerito’.

KinbkicTb pisHux BapiaHTIB Npu BUAAHHI TPLOX rpasibHUX KybuKiB Byno Bu3Ha4eHO B
960 p. enuckonom Bibongom 3 micta Kambpe. Bin 3pobue ue HenpasuibHo. Onuc
npaBusbHUX NigpaxyHkis byno 3pobnero B Xl ct. nitonucuem Bangepikycom. MpoTe
onybnikyBanu ioro nuwe y 1615 p.

Posrnstemo, ans cnpolieHHtsi, ognH kKybuk. Kngatnmemo iioro Ha crin. Mpn ubomy Ha
BEPXHill rpaHi Kybnka 3'siBASTUMYTbCS MO3HAYKM | MW KaXKeMO, Hanpukiaag, ‘Bunano
quncno Tpu'.

Mpouec KnaaHHs Kybrnka Ha3BEMO €KCMEPUMEHTOM, a BUMALAaHHS SIKOroCb Yncna —
efnemMeHTapHo nogieto. B LboMy ekcnepuMeHTi € WwicTb eneMeHTapHux nogiii. Bonn
YTBOPIOIOTb MPOCTIp €1€eMEeTHAPHUX MOAINA.

Akwo enemenTapHy nogito “Bunage ognHuys’ cxemaTu4dHo 3anucaTtu sk ‘1", “Bunage
agiika" — ak “2", i T.4., To mHoxunHa Q = {1,2,3,4,5,6} — ue npocTip enemMeHTapHnx
nogin.

Mopieto Ha3BEMO KOXHY MigMHOXUHY €.
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Hanpuknag, nogito Q1 = {2,4,6} mMoxHa c/noBecHo onucaTi Tak: “Bunage napHe
qucno’, a nogito Q> = {2,3,4,5,6} — cnoeamn “Bunage He oguHnus’.

3posymino, wo sikwo sigbynacs nogist 1, To Bigbynacs i nogia Q. Ue HasuBaTumemo
Tak: “nogis 1 cnpusie nosisi nogii 5"

Mosiei nogii 1 cnpusie nosiBa TpbOX enemeHTapHNUX nogiii, a 2 — N'sATb enemeHTapHuUX
nogin.

JoBruii 4ac maTemaTukin onepysasn NMLIe NOHATTSAM ''KiIbKICTb CNPUSITANBUX NOAINA .
Nuwe B npaysx 9. BepHynni 3’ABNSAETLCA NOHATTS AMOBIPHOCTI NOSIBU MOAINM sIK YMcna
mix 0 Ta 1. Ui npaui onybnikysanu B 1713 p. uepes Bicim pokiB nicis cmepTi 5.
BepHynni. MNpoTte maTtemaTnkam BoHu Bynu Bigomi, we 20 pokie fO TOro 3aBAsiKK
JINCTYBaHHIO.

OTox, 5. BepHynni 3amicTb KiNbKOCTI nogiii nponoHysas onepyBaTu 6e3po3mipHOtO
BEJINYMHOI — HaCTKOK KiJIbKOCTENA.

O3Hauenns. Vimosiprictio nosisn nogii A C ) Hazsemo api6:

P(A) KUJIBKICTD €JIEeMEHTApHUX ITOJIi, 110 CIPUSIIOTH MoaBl A (1)
KIJIBKICTB BCiX eJleMeHTapHUX HOJii ’
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O3HayveHHA. BigHOCHOIO 4acTOTON MOSIBU MOAIT HAa3MBaOTh BiAHOLWEHHS KiIbKOCTI m
€KCNEPUMEHTIB, B SIKUX Nogist 3'siBUaacs, A0 3arasbHOl KiIbKOCTI 1 haKTU4HO
NPOBEAEHNX EKCNEPUMEHTIB, TOBTO Yncno

2(A) =T
n

CniBCTaBASAOYM O3HAYEHHS AIMOBIPHOCTI i BifJHOCHOT YacTOTU, POBMMO BNCHOBOK:
O3HaYeHHs IMOBIPHOCTI He noTpebye, Wob ekcnepumeHTn BigbyBanucs Hacnpasgi;
O3Ha4eHHs XK BIAHOCHOI 4aCTOTU MPUMYCKAE, O eKCNEepUMEHTU Bynu nposeaeHi
dakTuyHo. lHWKMN cnoBamu, AMOBIPHICTE 064UCAIOIOTE 4O AOCIAY, @ BIZHOCHY HacTOTy
— nicns gocaigy.

TpuBani cnocTepe)keHHst MOKasau, WO SIKLO B OL4HAKOBMX YMOBaX MPOBOAATL
EKCMEPUMEHTU, B KOXXHOMY 3 SIKUX KiJIbKICTb BUNpoDyBaHb [OCTaTHLO BEMKA, TO
BifHOCHa YacToTa HabyBsae BnacTneocTi cTifikocTi. Lisi BnacTueicTs nonsirae 8 Tomy, Lo B
Pi3HUX EKCMEPUMEHTAX BIAHOCHA HAaCTOTa 3MIHIOETLCA Mano (TUM MeHLue, Yum Binblie
NpoBeAeHO BUNPODYBaHb), KOJNBAIOHNCH HABKOJIO AESIKOro CTasoro Yucna. Bussunocs,
O Le CTaJie YNCO € AMOBIPHICTIO NOsIBM MOAIT. TakMM YMHOM, SIKLLO JOCAIAHUM
LNSIXOM BCTaHOBJIEHA BifHOCHA 4acTOTa, TO OTPUMMAHE HMC/IO MOXKHA MPUAHATK 3a
HabanxeHe 3HaYEHHSI IMOBIPHOCTI.
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Mpuknag. 3a gaHMMK WBEACHLKOT CTaTUCTUKY, BiJHOCHA 4acTOTa HaPOAXKEHHS LiBHAaTOK
3a 1935 p. no Micsiusix xapakTepn3yeTbecs TakuMU Yucnamu (4ucna posmilleHi B
NopsiAKY CNifyBaHHS MICAUIB, NOYMHAKOYN 3 CiHHS):

0,486; 0,489; 0,490; 0,471; 0,478; 0,482; 0,462; 0,484; 0,485;

0,491; 0,482; 0,473.

BigHocHa vacToTa KonuBaeTbcst HaBkoso Yucna 0,482, sike MoXKHa B3aTK 3a HabnuxeHe
3HaY€HHS AIMOBIPHOCTI HapOAXKEHHS AiBYATOK.

3ayBaXKMMO, WO CTaTUCTUYHI AaHi Pi3HMX KPaiH AatoTb NPUBIN3HO TaKe X 3HaYeHHSs
BiJHOCHOI 4acToTu ui€l noaii.
Mpuknag. Baratopa3oBo npoBogMANCA JOCAIAM KUAAHHA MOHETH, B SIKUX NiApaxoByBaan
KiIbKiCTb nosie repba. PesynbtaTu fesikux gocnigis HaseaeHi B Tabnuui.

KinbkicTb KngaHo KinbkicTb nosieu repba Yacrtora
4040 2048 0,5069
12000 6019 0,5016
24000 12012 0,5005

TyT BIAHOCHI 4aCcTOTV HE3HAYHOK MIpOtO BigXMAsItOTECA Big Yncna 0,5, npuyomy Tum
MeHLe, YuM Binblua KiNbKICTb eKCNepruMEHTIB.
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OuckpeTHi | HenepepBHI BUNAagKOBI BEINYNHN
Ta IXHI YNCNOBI XapaKTEPUCTUKMU

MpunycTMMo Mn NPOBOAMMO eKCMEPUMEHT Mif, HacC SIKOrO 3 MEBHO WMOBIPHICTIO
BigbyBaeTbca sikackb nogist. lHogi Tpeba onucaTy Lo NOAI 32 AONOMOrol SIKUXOCh
4MCNOBUX XapakTepncTuk (He MMOBIPHOCTI), WO He MatoTb Ao Noail beanocepesHbOro
BifJHOLLIEHHS1, NPOTe 3MOXYTb [OAATKOBO i1 XapakTepusysaTtu. [ns npuknagy
PO3rNSIHEMO eKCMEePUMEHT — CTPiNbOby 3 rapmaTu no 3agaHiii uini. 3po3ymino, wo Koau
BUMYLLEHWUI CHapsig BAYYUB B Lisib, TO AOAATKOBO LIKO MOAIKO OMUCYBaTW YMCESIbHO HEMA
notpebu. MNpoTe koNn CHapsg He BAyYMB, TO ANS aHaNi3y wiel nogil i 3anobiraHHio 1T
BUHUKHEHHS NPV NMOBTOPHOMY MOCTPiJi CAaMOro MOHATTSA WMOBIPHOCTI
BNlyHaHHsi/HeBNyHaHHs Mano. Tpeba nepw 3a BCe 3HATW “HACKiNbKN HE BNYHUB CHapsig .
Tak My NprUxogMMo [0 MOHSATTS BUNAaLKOBOI Benu4dunHn. B HaBegeHomy npuknagi — ue
BifICTaHb Bif TOYKM BJyHaHHs CHapsigy 8O Uifi.

OT)xe, BEMYMHA HA3UBAETLCS BUMAaLKOBOK, SIKLLO BHAC/ILOK NMPOBEAEHHS
€KCNEepPUMEHTY Nif BMJIMBOM BUNAAKOBMX YUHHUKIB BOHA HabyBa€e TOro 4um iHWOro
MOXXJIVIBOTO YMC/IOBOrO 3HAYEHHSI.
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[ns popaTKoBOro onucy BUNagKOBUX BEVYUH BBOAATL LESIKI SOMOMIXKHI (PyHKLT.
O3snavenns. Pynkuito F : R — [0, 1] Taky, wo

F(x)=P{{(w) < x} =P{weQ | {w)<x}, xER,

Ha3MBalOTb PyHKUIEO po3noginy Bnnaakosoi BennunHu € : Q — R.
Hexaii £ — Bunagkosa BenuymHa (fani 415 CNPOLLEHHS BBaXKaTUMEMO, L0 BOHA
NPUIAMaE CKiHYeHHY KiNbKICTb, a came, k 3HaueHb),

P{¢=xt=p;, i=Tk (3)

3anuwemo ueli hakT y Burnagi Tabnuui

el XX ] x
P P1 P2 Pk

Bigomo, wo
Sp=1 (5)

PigHicTb (5) Ha3MBaETLCSA YMOBOIO HOPMYBAHHSI ANt ANCKPETHOI BUNAAKOBOI BENMNHUHY &.
Matoun 3akoH posnoginy (4) He cknagHo 3anucaTn PyHKLiO PO3NOAINY Uil
BMNaAKoOBOI BennynHun. BoHa mae surnsag,

F(x) = Z pi, x€R". (6)

it x'<x
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B zaranbHoMy BunNagky BiAOMO Take: AIMOBIPHICTb TOrO, LLO OAHOMIpHa BUMNaAKOBa
Be/nYMHa £ npuiiMe 3HaueHHs 3 Aesikol MHOXUAN A C R! obuncnioeTbes Tak

PLECA} =P lw|€w) €A} = [ dF(x). (7)

4e NpUCyTHIA TyT iHTerpan € interpasom CrinbTbeca.

O3na4qenHs. Bunapkosuii Bektop £ :  — R™ HasmBa€eTbCs HeENnepepBHOO BUNAaAKOBOKO
Be/YMHOK (Ma€ HenepepBHUIA PO3NOAIN), SIKLLO ICHYE LIbHICTb AMOBIPHOCTI
(winbHicTb posnoginy) — Taka Hesif'emHa yHKuis ¢ : R — R, wo

VACR: P{EeA}:/q(x)dXA (8)

A

Moeanyioun (7) 3 (8), otpumaemo, wo [, dF(x) = [, q(x) dx.
Mpuknag. Mposenemo ekcnepumMeHT: 3 BykeTy By3Ky HaBMaHHS Bi3bMEMO KBITOYKY.
KinbkicTb NentocTok B Hili — gUCKpeTHa BUMALKOBa BEJNYMHA. MMOBipHiCTb TOro, wo
nentocTok 4 6ansbka [0 oanHMLi, Wwo nentoctok 3 abo 5 6am3bka Jo HyASA, WO NENOCTOK
MeHLwe 3 abo Binblwe 5 — HabaraTo MeHLIe 33 NonepesHio.
Mpuknaga. BigctaHb Big TOYKM BAyYaHHA cHapsigy 4O WiNi — Le HemepepBHa BUMNagKoBa
BeNMYMHA. |T 3HaYeHHS, B3arasi Kaxxy4uu, Moxe byTu 4OBINbHAM YUCAOM 3 AESKOro
cKiHueHHoro npomixky (a, b). T winsHicTs posnoginy nogamo nisniwe.
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O3sHavenns. MatematnqHum cnogisanHsm B.8. € 3 Tabauui (4) Ha3nBaeTbes BUpa3

K
M({):xlpl+x2pg+...+xkpk:Zx"p,u (9)
i—1

MaTemaTuyHe cnogiBaHHsi NpUBNN3HO JOPIBHIOE CEPEAHBOMY 3HAYEHHIO BMMNAAKOBOT
BEJINHUNHU.
Mpuknap. 3akoH po3noginy A5 BUrpaLly B NoTepero 3a4aMo TabanyHo:

13 1000 100 1 0
P | 0,0001 | 0,001 | 0,01 | 0,9889

Snaiigite ME.

MaTemaTuyHe CNogiBaHHSA LIMPOKO 3aCTOCOBYETHLCS HAa MPaKTULi, MPOTe HE AA€E
[4OCTaTHBO MOBHOI iHbopMaLii NPo BUNALKOBY BeU4MHY, 6O OLHOMY /i TOMY 3HaYEHH!IO
M (€) moxe BignosigaTn 6e3niv BUNAJKOBUX BENNYMH, SiKi BIAPISHATUMYTBCS HE JnLle
MOXUIVBUMW 3HAYEHHSAMM, ajle | XapaKTePOM PO3MOAiY i CAMOIO MPUPOAOID MOXKJNBIX
3HaYeHb.

Mpuknag. Hexali 3akoHu po3noginy Bunagkosux senvyud £ i 7 3agani Tabnnusamn

£&1-05(-011]017]05 n | -100 | -80 | -10 | 10 | 80 | 100
P|04 )01 |01]|04 P|01|02|02|02|02]01

3posymino M () = M (n) = 0. OTxe, 4Ba 3aKOHU PO3MOAINY MAOTb OAHAKOBI
MaTeMaTUYHI CNOAIBAHHS, X042 MOXJIMBI 3HAYEHHS ONA BUMAAKOBUX BEAUYUH & i 7
icToTHO pisHi. [J

DS O G



I3 npuknagy 6a4mmo, wo B pasi piBHOCTI MaTEMaTUYHUX CMNOAIBaHb
(M (&) =0 =M{(n)) sunagkosi Bennynuu & i 1 MatoTb TEHAEHLIO [O KOJNBAHb
BigHocHo M (&) = M (1), npudomy 7 mae Binbmii po3max po3citoBaHHS BifHOCHO
M (n), Hix & BigHocHo M (£). ToMy MaTemMaTn4He CNOAIBAaHHS Ha3WUBalOTb LEHTPOM
po3citoBaHHs. Jns BUMIpIoBaHHs pO3CitOBaHHS BBOAWUTLCS YMCI0BA XapaKTEPUCTUKA, SIKY
Ha3MBalOTb UCHepPCIEro.
Osna4qenHs. Yucno

D¢ := M [(¢ — M&)| = M[£7] - (M)’ (10)

Ha3MBAETLCA JUCMEPCIEIO, @ HNCNO

— cepeAHbOKBaAaTUYHUM BIGXUJIEHHSM BUNAGKOBOI BEINYNHM &.
SAkwo Bunaakosa BenuynHa & Mae 3akoH posnoginy (4), To dhopmyna (10) Habyge
BUrnagy

D¢ = (x' — M) pi. (12)

i=1
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BeegeHi Benn4mHm MatoTb YiTKnia disnyHuii 3micT. Oas intoctpauil posmicTumo Ha
npsimii OX B Todkax x1 < ... < Xk TOYKOBI Macu pi, ..., Pk, SKi 3afOBOJIbLHAIOTL YMOBY
(5). Togi M — koopanHaTU LEHTPY Mac L€l CUCTEMU TOYHOK, TOBTO Micue, HaBKOIO
SIKOro rpynytoTbcst Macu. o(§) — ue cTeniHb po3cisiHHs p; HaBkono ME.

[nsi HenepepBHOI, OAHOMIPHOI BUNAAKOBOT BeANHMHN & 3i LWINBHICTIO po3noginy g

X

F(X):/q(x) dx, XERI,

M¢ = /xq(x) dx, D¢ = /xzq(x) dx — (M€)°. (13)
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KnacuyHi npunknagn BMnagkoBux Bean4mnH

Posrnsinemo BMNagkoBi BEMUYUHMN 3 SIKUMU CTUKAaTUMEMOCS Aai.
O3sHavenns. OpHomipHa (ANCKpeTHA) BUNagKOBa BeMYUHA & MaE piBHOMIpHUI
ANCKpeTHNii po3nogin 3 napametpom N € N, sikiwo

Ple=k)=p, k=LW. (14)

Mpuknag. 3 dopmyn (9), (12) sHaiigite: ME, D, of.
O3sHayenns. OpHomipHa (AnckpeTHa) Bunagkosa BennduHa & mae posnogin [lyacoHa 3
napametpom A > 0 (nucatumemo npu usomy & € Iy), skwo
MO
P{{:k}:Fe , k e NU{0}. (15)

Mpuknag. MNepekoHaiiTecs, wo sikwpo & € Iy, To:

ME=X DE=X &=V
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O3HadeHHsi. OgHOMIpHA BMNALKOBa BENYMHA £ HAa3UBAETLCS PIBHOMIPHO PO3MOAIIEHOO
no intepsany (a, b), AKLWO WiNbHICTL i po3noginy mae Burnsg

- %a, x € (a, b),
q(x)f{ s (16)

DyHKUis po3noginy L€l BEAMYNHN MAE BUTAAA

0, x<a,
F(x) = =2 x€(ab],
1, x>b

Mpuknag. SAkwo Bunagkosa Benn4dmHa € piBHOMIpHO po3nogineHa Ha (a, b), 1o 3
dopmyn (13) maTmemo Take:
a+b

Mg = > (cepenuna Bigpiska);

(b—a)°
12

a Tomy o(§) = 12’—\_/3 (TyT b — a — poexuHa Bigpiska). O

D¢ =
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O3HadeHHsi. BunagkoBa Benun4ynHa £ Ha3MBAETbCA CTAHZAPTHO HOPMAJIbHO PO3MOLIIEHOO
(nucatumemo npu ubomy £ € N(0, 1)), aKwo WwinbHicTs Ti po3noginy mae Burnsg

ez, xeR (17)

padbikom ¢ € kpusa layca:

0f X

Mpuknag. Axkwo & € N(0,1), To 3 dopmyn (13) maTumemo Take:
M¢=0, D¢=1,

aTomy o(§)=1.0

DS MG



O3HayenHsi. OgHomipHa BUNAAKoOBa BEMHUHA 7) HA3UBAETLCS HOPMAJIbHOKO
(raycoghcbroro) 3 napametpamn a € R, o > 0 (nucatumenmo npu usomy & € N(a, 0?)),
AKWO 11 WiNbHICTb MaEe BUNAL,

(x—2)?
L e 22 x€eR (18)

90 = 2mo

Npuknag. Akwo n € N(a, 0°), To

Mn=a, Dn=o°, o(n) =o.

[ns HopmanbHO po3nogineHol BUNaAKOBOI BENMYMHU 1) i€ ‘NMPaBMIoO TPboOX 0 :
P{|n —Mn| <30}~ 0,9973.

Tomy Ha NpakTWLi HacTO HEXTYIOTb BUXOAOM BMMALKOBOI BEMYMHM 33 Aiana3oH
|n —Mn| < 30.

BusiBnsieTbest, Wo HOpMasibHNIA PO3MOAIN Pi3HMX BEIMUMH HaCTO 3yCTPIYAETHCSA B
npupogi. Tak po3Mipu opraHie TBapuH NEBHOro BiKY NiANOPSAKOBYOTLCS HOPMabHOMY
poznoginy (Ketne J1.A. (1796-1874)), BigxuneHHs cHapsiay Bif Uil — TEX HOPMasbHO
po3noAifneHa BUNaAKOBa BENMYMHA.
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THE END
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